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A NOTE ON QUADRATIC JORDAN ALGEBRAS
OF DEGREE 3()

BY
M. L. RACINE

Abstract. McCrimmon has defined a class of quadratic Jordan algebras of degree
3 obtained from a cubic form, a quadratic mapping and a base point. The structure of
such an algebra containing no absolute zero-divisor is determined directly. A simple
proof of Springer’s Theorem on isomorphism of reduced simple exceptional quadratic
Jordan algebras is given.

1. Introduction and basic concepts. A unital quadratic Jordan algebra over a
field @ is a triple (%, U, 1) where ¢ is a @ vector space, 1 a distinguished element
of #, and U is a mapping a — U, of ¢ into End, (_¢) satisfying the following
axioms:

QJ1. Uis ®-quadratic, thatis U,, =AU, A e ®,a€ fand U, ,=U,,,— U,— U,
is ®-bilinear in a and b.

QJ2. U,=1.

QJ3. U,y,=U,U,U,.

QJ4. If V, , is defined by xV, ,=aU,,, then U,V, , =V, ,U,.

QJ5. QJ(1)-(4) hold for #£¥=_¢ ®, P, P any field extension of ®.

Powers are defined inductively: x°=1, x!'=x, and x"*2=x"U,. An element
ze ¢, z#0, is said to be an absolute zero divisor if U,=0. An element ae ¢ is
invertible if there exists a b€ ¢ with bU,=a and b2U,=1; such a b is uniquely
determined and is denoted a~!. We say that ¢ is a quadratic Jordan division algebra
if every nonzero element of £ is invertible.

Let # be a @ vector space. Assume given a quadratic form Q on # and a
distinguished element 1 € ¢ with Q(1)=1. Define aU,= Q(a, b*)a— Q(a)b* where
b*=Q(b, )1 —b and Q(a, b)= Q(a+b)— Q(a)— Q(b). Jacobson and McCrimmon
have shown in [5] that this defines a quadratic Jordan algebra, the quadratic
Jordan algebra of the quadratic form Q with base point 1, denoted _#(Q, 1).

Let _# be a ® vector space. Assume given (i) a cubic form N on ¢ with values in
® (so N is homogeneous of degree 3 and N(x+y)=N(x)+ALN+ AIN+ N(y),
where AN is the directional derivative of N in the direction y, evaluated at x),
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(ii) a quadratic mapping x — x*# in ¢, and (iii) a distinguished element 1 € ¢,
related by

(1) x##=N(x)x.

(2) N(1)=1.

(3) T(x*#, y)=ALN, where T(x, y)= — ATAY log N.

@) 1#=1.

(5) 1 xy=T(y)1—y, where T(y)=T(y, 1) and xx y=(x+y)# —x# — p#,

Assume moreover that these hold for any #F, P any field extension of .
Introduce a U operator.

6) yU,.=T(x, y)x—x# x y.

McCrimmon has shown in [6] that (%, U, 1) is a quadratic Jordan algebra
which we denote #Z(N, #, 1).

We recall also that a composition algebra € over ® is a unital ®-algebra (not
necessarily associative; unital=contains a unit element 1) with a nondegenerate
quadratic form n of € into ® such that n(1)=1 and r(ab)=n(a)n(b). We refer to
[1] for the determination of composition algebras and their properties. Let € be a
composition algebra over @, €; the algebra of 3 x 3 matrices over %, y the diagonal
matrix diag {y,, ys, ys} where the y,;#0 are in ®. Then J,: x — y~ X'y is an involu-
tion in %; if x=(X;;) for x=(x;;) and x* is the transpose of x. Let (%3, J,) be the
®-space of matrices satisfying x’»=x and whose diagonal entries lie in .
McCrimmon has shown in [6] that if one defines

(M) N(x) = oy0905—01y5 'yan(a;) — aayi 'ysn(az) — asys 'yin(as) — ta,a,a;),

-1 -1, o -1 =
0903 —y3 'yan(@1) y1lye@i1@a—03as  a3a;—y1 'yseads
— -1 - - -
® xt = @Ay —y3 Y1050 ogoy —y1 lysn(a) vz lys@e.as—aya;

-1 -1 = -1
Y3 710501 — 020y Q23— Y3 Yo 8y 00—y 'y1n(as)

for
a as y1 sz
x = | y3'r8s ay a ’
a 3 lyal o3

then the cubic form N on £ =£(%;,J,), 1 the unit matrix and x# satisfy (1)(5)
in #¥ for every P. Hence if U is defined by (6) then #(¥,#, 1) is a quadratic
Jordan algebra. From now on 5#(%3, J,) will denote the space (%3, J,) with this
quadratic Jordan structure.

The following theorem has been proved by Springer [8] when the characteristic
of ®+#£2 or 3.

THEOREM 1. Let £ = _#(N, #, 1) be a unital quadratic Jordan algebra over a field
D. If # has no absolute zero divisor then ¢ is either (i) a quadratic Jordan division
algebra, (ii) a direct sum ® @ #(Q, 1), where #(Q,1’) is the quadratic Jordan
algebra of the quadratic form Q with base point 1', or (iii) (%, J,).
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This result follows also from structure theory [4]. Our purpose is to give a
direct proof of this theorem which depends only on the properties of N and #
obtained in [6] and on those of _#(Q, 1) found in [5]. We also prove Springer’s
Theorem on isomorphism of 5#(%;, J,)’s. This result is new in characteristic 2.

The author would like to express his gratitude to Professor Jacobson for his
valuable suggestions. Thanks are also due to Professor McCrimmon for his
helpful comments.

2. The proof of Theorem 1. Let ¢ be any ® vector space equipped with a cubic
norm N, a mapping # and an element 1 satisfying (1)-(5), so we have the quadratic
Jordan algebra #(N,#,1). The following identities can be found in [6]. Let
x,y,z€ p.

9) T(1)=3.

(10) x# x y#+(xx )t =T(x*, y)y+T(y*, x)x.

(D) x#x(yx2)+(xxy) x (xx 2)=T(x*, y)z+ T(x*, )y + T(y X z, X)x.

(12) T(xx y, z)=T(x, y X 2).

(13) T x y)=TX)T(y)—T(x, »).

(14) x# x x=[T(x*)T(x)— N(x)]1 — T(x#)x — T(x)x*.

(15) x®—T(x)x%2+ S(x)x— N(x)1=0, where

(16) S(x)=T(x*).

(17) x#*=x2—T(x)x+ S(x)1.

(18) (YUYt =y*U,4.

Also an element x € ¢ is invertible if and only if N(x)#0, in which case

(19) x~1=N(x)"1x#.

(20) T(xU,, z)=T(x, zU,) follows immediately from (12) and (6).

From (5) x=—xx1+T(x)1, so xx(xxp)=—(xx 1) x(xxy)+T(x)1 x(xxy)
=x* x (1 x y) — T(x#, y)1 — T(x#, 1)y — T(1 x y, x)x + T(x)[T(x x y)l —x x y]
=x*x(T(Y)1—y)—T(x*, )1 -T(x#*)y—T(1, xxy)x+TE)T(xxy)l—T(x)xxy
=T())T(xH1 = T(p)x# — x# x y—T(x#, y)I — T(x#)y—T(x x p)x+T(x)T(x x y)1
=T(x)x x y=[T(x* x y) + T(x)T(x x )]l — T(y)x* — x# x y— T(x#)y — T(x x y)x
—T(x)x x y by (11), (12), (13) and (5) and we have

xx(xxy) = [T(x*x y)+T(x)T(xx )]l

2
1) —T(y)x# —x#xy—T(x#)y—T(x x y)x—T(x)x X y.

An idempotent e#0 is said to be primitive if e#=0. (This implies T(e)=1, and
the converse holds if the characteristic of ®#2.)

Lemma 1. If # = _#(N, #, 1) does not contain any absolute zero divisors and is not
a quadratic Jordan division algebra then ¢ contains a primitive idempotent.

Proof. If # is not a quadratic Jordan division algebra, N(x)=0 for some x#0,
so x##=0and there is a y#0 (either y=x* if x##0, or y=x if x# =0) with y#=0.
Then y*=T(y)y; if T(y)#0 then e=T(y) 1y is an idempotent and e# =0, while if
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T(»)=0, y*=0. Suppose I'(y)=0. Since y is not an absolute zero divisor and
zU,=T(y, z)y—y* x z=T(y, )y, there is a z such that T(y,z)=1. Let a=yxz,
T(@)=T(yxz)=T(Y)T)-T(y,z2)=—1 and a#0; af=(yxz)*=T(y* z)z+
T(z*,y)y—yt x z# =T(z#, y)y, hence T(a*)=0=N(a). Let e=a* —a; T(e)=1 and e*
=(a? —a)t =at* —a* x a + a# = N(a)a— [T (a*)T(a) — N(a)]1 + T(a?)a + T(a)a* + a*
=—af+a?=0. Hence O=e#=e?—T(e)e+T(e*)l=e>—e and e is a primitive
idempotent.

Assume from now on that # does not contain absolute zero divisors and is not
a quadratic Jordan division algebra. Therefore ,# contains a primitive idempotent
e. Let f=1—e; 1—e=T(e)l—e=1xe=(e+f)xe=exe+fxe=2ef+fxe=fxe
and 1=1#=(e+f)*=ef +texf+ff=exf+f#, s0

(22) exf=f, ft=e.

By (12) T(f, e)=T(f x e, &) =T(f, e x e)=T(f, 2e*)=0, so we have

(23) T(e, f)=0.

Note that T(f)=T(1—e)=T(1)—T(e)=2 and e=f#=f2—T(f)f+T(fF)l =f>-2f
+1=f2—f+e, so f2=f and f is an idempotent. Therefore (U;)*=U,U,U;=U,y,
=Up=U;; similarly (U,)?=U,. Moreover xU,U;=T(e, x)eU;=T(e, x)[T(f, e)f
—ftxel=—T(e,x)exe=0 and xUU,=T(f, x)fU,—(exx)U,=T(f,x)T(e,f)e
—T(ex x,e)e= —T(x,exe)e=0, so U,U,=0="U,U,. Therefore U,, U; and U, ;=
U,— U,— U, are orthogonal projections; hence

(24) F=4@ f12® S where f1=JU,, F5=FU.,and fo=¢U,.

This is the Peirce decomposition of # with respect to e and _# will be denoted
JFi(e), if needed, to emphasize that the decomposition is taken with respect to e.
By (20) we have

25) T( %, £)=01ifi#j, i,j=0, 4, 1.

In particular e=1U, € 4, and f=1U; € %, so
(26) T( A2, €)=0, T(Fy)2,f)=0 and T(Fy2)=T(F12, 1)=0.
Note that
xU, = T(x, e)e,
27 xU; = T(x, f)f—exx,
xU, ; = T(x, e)f+ T(x, fle—fxx.

Let x € #,,5, then (26) and (27) imply x= —fx x, and 1 x x=T(x)1 —x= — x implies
exx=0. Conversely if xe # with T(x)=0 and exx=0 then x=—fxx and
0=T(x)= —T(fx x)=T(f, x)—T(x)T(f)=T(f, x) so T(e, x)=0and by (27) x € #,o.
(28) x € #,,5(e) if and only if T(x)=0 and e x x=0.
If ye # with T(»)=0 and exy=—y then 0=T(y)=—-T(exy)=T(e, y)
—T(e)T(y)=T(e, y) so T(f; y)=0 and by (27) y € Fo(e).
(29) T(y)=0 and exy= —y imply y € Z(e).
Let x€ f#,,, then x=—fxx and x#*=(—fxx)*=T(f#, x)x+T(x*, f)f—f# x x*
=T(x*,f)f—exx* € % by (10), (22), (26) and (27), so
(30) x* € 2, for x € Fyz.
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If xe g, then x# =(xU,)* =x#U;s=x"U,=T(x*, e)e and S(x)=T(x#)=T(x#, e)T(e)
=T(x*#, e), so we have
31) x*=S(x)e e # for x € %,

LemMMA 2 (FAULKNER [2]). #o=_#(S,f), the quadratic Jordan algebra of the
quadratic form S restricted to ¢, with base point f.

Proof. Let x, y € %, then x=T(x,f)f—exx. Define x*=exx=T(x,f)f—x.
We have yU,=T(x,y)x—x*xy=T(x, y)x—S(x)exy=T(x,y)x—S(x)y*. But
S, %) =T(x x y*) = T T(y*) — T(x,y*) = T(x)T(ex y)~ T(x,exy) = T T(p,e x 1)
—T(xxy, =TX)T(y,f)—Txx y)=TX)T(y)-T(xxy)=T(x,y) by (12), (13),
(25) and (31). Hence yU,=S(x, y*)x— S(x)y*. Finally S(f)=T(f#)=T(e)=1 and

f*=exf=f, so that x*=T(x, f)f—x=S(x, f*) f—x=S(x,f)f—x.

We shall now show that if #,,={0} then we have case (ii), thatis £=_¢, ® %
is an algebra direct sum. Let x, y € %y; xU,=T(e, x)e=0 by (26), eU,=T(x, e)x
—xtxe=—S(x)exe=0,eU, . =T(e,e)x+T(e, x)e—(ex x)xe=x—ex(T(x)f —x)
=x—T(x)f+exx=0by(27) and (22). Finally yU, ,=T(y,e)x+T(y,x)e—(e x x) X y
=T(y, x)e—(T(x)f—x)x y=T(x, p)e—=T(x)(1 xy—exy)—=T(xx y)e=T(x, y)e—
Tx)XT(y)l —y—T(y)f+y)—T(xxy)e=0by (13),(27) and (31). Hence if x, x" € _#,
and y,y' € % then (x+y)U,,,=xU,+yU, so we have the algebra direct
decomposition = ¢, ® 4.

Assume we are not in case (ii), so #;,; # {0}. Suppose (#,,5)* ={0}. Since x € %, 5,
x#0, is not an absolute zero divisor, there exists a y, which by (25) may be taken
in 7, with T(x, y)#0. But, by (26), T(x)=0 and xxy=(x+y)¥—x#—y#¥=0
which yields T(x, y)=T(x)T(y)— T(x x y)=0, a contradiction. Therefore ¢, ,+# {0}
implies (£2)* #{0}. Let x € £, with x##0, then x# € % by (30) and x## € 7,
by (31). However x## = N(x)x € #,,. Therefore x## =0 and N(x)=0. Since e* =0,
(27) and (31) imply

(32) N(x)=0 forxe g, i=0,41.

Also if x € #5 then N(x)=0 implies that S(x#)=T(x##)=T(N(x)x)=0. Since
we can choose x € £, so that x##0 and x# € £ it is clear that the restriction of S
to % is isotropic. Let y € %, y#0. If S(»)=0 then y#=0 by (31) and y not an
absolute zero divisor implies T(y, z) #0 for some z € #,. In the proof of Lemma 2
T(y, z) was seen to equal S(y, z*), therefore the restriction of S to %, is non-
degenerate. From Theorem 11 of [5] we know that _#, contains a primitive idem-
potent unless characteristic ® =2 and 7(_%,)=0. In that case consider ¢’ =e + x + x#,
X€ F x##0;T(e')=T(e)=1. We have (e')# =ef + x# + x## + e x x+ e x x# + x x x*
=0 since ef=0=x##, exx=0 by (28), exx#=T(x#)f—xt=—x* since T(%)
=0, and x x x#=[T(x#)T(x)— N(x)]1 — T(x*)x — T(x)x# =0 by (26) and (32). So ¢’
is a primitive idempotent and T(Zy(e")=T(FU,)=T(F,f)=T(F, f—x—x#)=
—T( 7, x*) since T(x, £)=T(x, #2)=T(xx £,5)<T(F)=0. Since x# is not an
absolute zero divisor, x## =0implies T( %, x*)#0. Accordingly we may assume the
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existence of a primitive idempotent e, such that #,(e,) contains a primitive idempo-
tent e,. Two primitive idempotents e, and e, are said to be orthogonal (e; 1 e,) if
e, € Fo(ey). The definition is symmetric, that is e, € #,(e;) implies e; € #y(es). Indeed
e;=T(es, 1 —e,)(1 —ey)—e; x ey by (27) =T(e)(1 —e;)—e; xe;=1—e; —e; X e; and
soe;=1—e;—e; xe;=T(e;, 1 —e;)(1 —e;) —ex xe;=e, Uy _, € Foez). Letez=1—e,
—ey,=e; Xe,; e; is a primitive idempotent by (9) and (10). We have e, | e,
e; | e; and e, | e; since the definition is symmetric. By (21), e, xe;=e, and
e, X e;=e;. Assume from now on that i/, j, k €{l, 2, 3} and are distinct. Define
Fi=He), Fii=FUee Now xU, . U, .. =[T(x, e)e;+T(x, e)e;— e, x x]U,, .,
=T(x, e)[T(e;, e)ex+T(ej, ex)ei—e; x e;]+T(x, e)[T(e;, e)ex+T(e;, ex)e;—e;x e]—
T(er x x, e)e.—T(ex x x, e,)e;+ (e x &) x (e, x x)= —T(e, X x, e)e,— el x (e, x x)+
T(et, e)x+T(ef, x)e;+ T(e; x x, ex)e, =0 by (11), (12) and (25), so U,,., and U,
are orthogonal operators. Moreover xU¢ . =[T(x, e)e;+T(x, e;)e;— e, x x]U,, .,
=T(x, e)[T(e;, e)e;+T(e;, ey)ei—ey x e;]+T(x, e)[T(e;, e)e;+T(e;, e)e;—e, x e]—
T(xx ey, e)e;—T(xxe,, e)e;+e.x(e,xx)=—T(x, e)e;—T(x, e)e;+[T(efxx)+
T(e)T(ex x x)]1 = T(x)ef— el x x — T(ef)x — T(e, x x)e,,— T(er)e, x x= —T(x, e,)e;—
T(x,e)e;+T(x,e. x 1)1 —=T(x, e, x 1)e,— e, x x=T(x, e)e;+T(x,e)e;—e X x=xU,, .,
by (5), (12), (21) and (25), and we have Uezhej= Ue,e,- Also U, | Ue,e;16,=U,,e,
+ Ueperr 80 0=U, (Ue, o, + U, 0 )Ue, ;= Ue, U, ., and similarly U,, . U, =0. Hence
Ue, 1 Ue.,e,- Then j=er,® er,,e, +e,¢® er,+ek = er,('B(er‘.e;@ erg,ek)
®fU,® FU,, . D FU,). Combining this with the previous results on the
Peirce decomposition of # with respect to a primitive idempotent e we obtain

=@ 1231 Fi® g; Fin Fii = Fue) N Fuale), Sy = ey
T(Fy Fu) = 0.

(33) e xe; = e.

exx = —x, esxx=0=¢.,xx forxe g.

x* = S(x)e; for x € #.
Letae #,,be F,thena, be # (), s0axbe fye). ButT(axb,e)=T(b,axe,)
=T(b,0)=0 and T(ax b, e,)=T(a, b x e,)=T(a, 0)=0 by (33) and we have

(34) axbe g forae g, be #,.

If 7;,={0}=_%, then # (e;)=0 and we have case (ii). Assume that only one,
say, fi.={0}, and #,;#{0}, £ #{0}. Arguing as above we may pick a € #,,(e,)
=4 be F(e)=F with a*=S(a)e,#0, b*=S(b)e;#0; axbe F, and so
ax b=0. But (a+b)* =a* +ax b+ b*=S(a)e,+ S(b)e; and (a+b)*# = S(a)S(b)e; x e,
=S(a)S(b)e,;#0 contradicting (32). Therefore if _# is not of the form (i) or (ii),
Fia, Foss Fa1 are nonzero and by the argument on p. 97 each contains an element
whose # is nonzero. Let ae€ #;, be #,. By (10) (axb)*=T(a?, b)b+T(b*, a)a
—at x b* = — S(a)S(b)e, x e;= — S(a)S(b)e;, so S(a x b)=T((a x b)¥)= — S(a)S(b) and
we have

(35) S(axb)=—S(a)S) forac #;, be g.
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By (21), ax(axb)=[T(a*x b)+T(a)T(ax b)]1 —T(b)a*—a* x b—T(a*)b—T(a x b)a
—T(a)a x b=T(S(a)e,, x b)1 — S(a)e, x b— S(a)b= —S(a)b by (33) and (34), so we
have

(36) ax(axb)=—S(a)b forae F,; be F.

Bilinearize (36) to get

(37) ax(bxc)+bx(axc)=—S(a, b)c fora,be g, ce Fy.

Pick u € f#,, vE F5, with S(u)#0, S(v)#0 and let y,;5= — S(u), y3; = — S(v) and
y23=(a1712)"*. Then uxve fo5, SUxv)=—Sw)SV)=—y1svs1=—vz'. Let
W=193U X U, S0 S(W)= —y,3. Denote u, v, w by 1;12;, 11313, 1123 respectively. By (33)
and (36) we have

(3%) 1?121= —7Y12€3, 1?23] = — Y2361, 1’[#31]= —731€2.

(39) v12y237s1=1.

Lz X lna = va1712lizan
(40) 121X liasy = v12¥2slia10

1231 % 1ia1; = vas¥s1luar

Let €= f#,3; € is a @ vector space with a distinguished element 1 =155, Define a
multiplication in € by

(41) ab=(1131;xa) X (1;197% b) for a, b € €= Fy3.
By (40) and (36), 16=(1(31)% l{2a) X (11121 % B) =¥23¥a11 1121 X (1120 X B) = 257317120
=b. Similarly al =a. Bilinearity of the product follows from the definition of x.
Define a norm on % by

(42) n(a)= —v33'S(a), a € €= Fs.
Then n(1)=1 and n(ab)=—vz5"S((1ia11 % @) X (11121 % b)) =¥35" S(1 1311 % @) S(1 1121 % b)
=y53'7127515(@)S(b) =y52S(a)S(b)=n(a)n(b) by (35). As S is a nondegenerate
quadratic form on %, so is n on ¥ and € is a composition algebra. It has an
involution a=t(a)l —a=n(a, 1)1 —a= —y33'S(a, )1g3;—a= — vz T(a x 1 ;33) 1 ;93— a.

43) a=—yz'T(ax liza) 25 —a, a € €= Fos.

Define bijective mappings from € to %, and %;:

¢: a2z —> Fa1 by (@9 = ya1luasxa,
o7 Fu—> Faa by ()97 = yalumxb,
¥: Fos = Fra by @y = y12lai%a,
$7t fia—> Faa by (Y = yaslnxc

where a € £y, b€ 3, c€ F1a. Then

-1 - _
a?®s Yailpay X a RN y23¥s1luz1 X (lu2; X @) = Yasya1y128 = a
and

-1
b2 yaslua X b RN yas¥s1lua X (Ia; X b) = yasya1y12b = b
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by (36) and (39). Similarly (ap)y~*=a and (c~')f=c. Note that the 1;,’s are
mapped onto one another. Denote a € €= #y; by a;23;, ap by ag;; and ay by ayy).
Let

3
X = z o6+ Z ik
i=1 (123)

where 3,53, denotes the sum over cyclic permutations of (123). To compute x# it
suffices to consider the last three terms of x since the others are already known

from (33). By (33), afua]:‘-s(al)&: —vyaan(ay)e;. By (10) and (33), (1;9)% @2)*
= T(lﬁzl, dg)a,+ T(ﬁg, Tua)luai— S(@z)er X (—y12€3) =v125(az)es, hence

ag[au = ‘)’31(1[12]X52)# = ya1¥23 S(@z)e; = —vys5in(@z)e; = —yan(az)e..
Similarly a’guz]:’)’fz(l[an X dg)* = —yisn(as)es. By (41),
Qg2 X Azz1y = Yig¥a1(liany X @3) X (lyugy X d3) = y33'(@2@5)a3)

AlSO @317 X @123 =Y31(@2 X 1n2) X a; =71_21(01_;1-;)[12] since Yle(al_azjuzl =a,a5 X 1131
=((ay x lga1) X (@2 X 1i32)) X Iy by (41) = —((ay X 1z1) X 1gz1)) X (@g X 132 —
S(ag x 111g) 1ia1)(@ % 1ia1,) by (37) = —y31a1 X (@3 X 1112) — S(@z, ¥23'L123)(@1 X 1317
by (36), (12) and (13) =ys;,a, X (@5 % 1;147) by (43). Similarly

A11231 X 3121 = Y1201 X (lia1y X @3) — 731(@381)31)-
So
x#* = (agog —yoan(ay))e; + (eze; — y311(az))es + (00— y12n(as))es

+ (Y33" 203 — 0101 231+ (¥31 8301 — 0289)131)+ (Y121 @182 — 23a5)r. 21

(44)

Let y, be an arbitrary nonzero element of @, y,=y,y73", va=71¥31, S0 Y12=%3 71,
¥31=¥1 '¥s and ya3 =73 'y,. Then if

a as y1i lysa
X ={ya'ras 2 a e H(%s, F),
a 3 Lyaly ag

X has the same # as the above element x € #(N, #, 1). The two algebras have the
same underlying spaces and trace form T (by (33)), one needs only T on the Peirce
spaces and T(ayj, byj) = T(ay;) T(bu;) — T(aus x bus) =yist(a, b) (by (44)) and there-
fore the same U. Thus they are isomorphic and this completes the proof of Theorem
1. (Note that (32) and (3) imply that the norms are the same.)

3. Springer’s Theorem. In [2] Faulkner proves the following theorem.

THEOREM 2 (ALBERT-JACOBSON). Let ¢ be a reduced central simple exceptional
quadratic Jordan algebra. If ¢~ (6,,J,) and ¢ =#(6,,J,) then €=€".

We wish to give next a simple proof of Springer’s Theorem.
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THEOREM 3 (SPRINGER [9)). Let # and ' be reduced central simple exceptional
quadratic Jordan algebras, §~#(%s,J,), ' 2H (€3, J,) then F=~ ¢ if and only if
€~%€ and ¢ and ¢’ have equivalent quadratic forms S.

Springer [9] uses Q(x)=4T(x?) rather than S(x), however, apart from considera-
tions of characteristic, S(x) seems more natural in view of Lemma 2 and of [6].
His proof makes use of spin groups and can also be found in Chapter 9 of [3].
McCrimmon [7] has given shorter proofs of Theorems 2 and 3 when the charac-
teristic of @ 2.

Necessity follows from the Albert-Jacobson Theorem. We have £~ #(%,, J,),
F' = H (%, J,). If € is split then n(€)= @ and it follows from the proof of Theorem
1 that y,, and y;, can be picked =1, so that y,;=1 and _# ~3#(%;), similarly for
F'. So € split implies that all algebras 5# (%5, J,) are isomorphic (to 5#(%3)). We
may therefore assume that € is a division octonion algebra. We will need the
Witt-Arf Theorem, e.g. [9, p. 12]. Let Q be a nondegenerate quadratic form on a
® vector space V, R={xe V| Q(x, V)=0} the radical of Q. An isometry s of a
subspace W into V is called admissible if s can be extended to an isometry s’ of
W+ R in V such that s’ is the identity on R.

THEOREM (WITT-ARF). Any admissible isometry of a subspace W into V can be
extended to an orthogonal transformation of V.

Let #=3#(%5J,). Let x=20., ciei+ 203 Gk, ¥="270=1 Bi€i+ 220 biiry, it
follows easily from (44) that S(x, y) =2 2q) [(& + ;)Bi — i yit(ax, by)]. If S(x, £)
=0, the nondegeneracy of ¢t implies a; =a,=a;=0and ¢, + ey =ay +az=cz+«; =0.
Hence the radical of S={0} if the characteristic of ® 52, ®1 if the characteristic
of ®=2. We wish to show that any primitive idempotent e of _# can be embedded
in a system of mutually orthogonal idempotents. By the argument on p. 97, we
may assume that the characteristic of ® is 2 and we must show that T(#,)#0.
Since f does not belong to the radical of S, S(x, f)#0 for some x € £. But S(x, f)
=Txxf)=TX)T(f)—T(x,f)=2T(x)—T(x, f)=T(x, ). By (25) we may assume
x € #. Therefore T(x)=T(x, )#0 and T(%,)+#0.

Let e; be a primitive idempotent of £ Pick e, | e; primitive idempotents of
Foler); Fole))=De; @ Pes @ Fa3, S(azea+ 0g€3 +a1[23]) =03 — ;5 'yan(ay). Define
the norm class of ey to be k(ey)= —y3 y.n(¥), where € =¢ —{0}. By the Witt-Arf
Theorem, «(e,) depends only on the restriction of S to Zy(e,).

LeMMA 3. Let (%, J,), F' ~H# (%, J,) with equivalent forms S, then any
two primitive idempotents e € ¢ and e’ € ¢’ with x(e)=«(e’) may be mapped into
each other by an isomorphism of #' onto 2.

Proof. We may assume that e=e,, ¢’ =e} where e,, e,, e; and e}, €, €5 are the
idempotents in the above coordinatizations of # and _#'. Since «(e)=«(e’) there
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is an isometry between ;3 and _#,3 which can then be extended to an isometry of
Dey @ Dey @ Pey D Foz=W' to Pey @ e, @ Gez D Fo3=W. So the Witt-Arf
Theorem implies that the above isometry can be extended to yield an isometry of
Wit=_flo+ F4 to Wi=_#,®D Fs;. Thus there exists an xe W' with S(x)
= — 9y~ 91 =S(l{121), l{121 € J12; S(X)=T(x#), so x*#£0, x* € #,(e,), x*#=0 therefore
g3=S(x)"'x# is a primitive idempotent in Z,(e,). Let g,=e;, go=1—g, —g3; by
(28) and (5) x € #,2(g,) implies (g2 +gs) X x= —x. But by (14), (26) and (32), gz x x
=S(x)"x#x x=S(x)"([T(x*)T(x) — N(x)]1 = T(x*)x — T(x)x#) = — S(x) " T(x#*)x =
—x. Therefore g, x x=0 and since T(x)=0, (28) implies x € Z,2(gz); x € F1,2(g1)
N F12(g2)= Fr12 (te the gs), S(x)=—y5 'y;. We still have «(g;)=x(e;)=x(ey),
so there is a y € 3 with S(y)= —y5 'y5. This yields a coordinatization of # re e,
=g, 2, &3 With the same y{’s as the coordinatization of _#'.

COROLLARY. Let Z be as above, then two primitive idempotents e and e’ are in the
same orbit under the automorphism group of # if and only if «(e)=«(e’).

The following lemma will complete the proof of Theorem 3.

LemMA 4. If F>H(%s,J,), F' ~H (%3, J,) have equivalent forms S then there
exist primitive idempotents e € ¢, ' € #' with x(e)=«(e’).

Proof. Assume e’ =e}, then «(e')= —y5 ypn(%). The Witt-Arf Theorem allows
us to extend the isometry between ®ej @ Pey @ Pes and Pe; @ Pey, @ e, by an
isometry between £, @D Fos® F5 and Fo D Fos @ Far- So there is an

X € Fio® Fozs @ Fa1 With S(x)= —y3 Yy,. If x € #,,5(e;) for some i=1, 2 or 3 thqn
argue as in the proof of Lemma 3 to get a primitive idempotent e with «(e) = S(x)n(%).

If notthen x= ayr23) + dar31] + Aazri2) with n(al)n(az)n(as) # 0,

S(x) = —[ys 'yan(ar) +y1i tysn(as) + vz 'yin(as)],

N(x)=1t(a,a.a;). We proceed to show that we may assume N(x)=0. If this is not
the case, recoordinatizing if necessary, we may assume a; =a,= 1. Pick b € € with
t(bas)=1(b, a;)=0. Consider y=bs3,+bia11+baspsy, S(y)=n(b)S(x) and N(y)
=t(bb(bas)) =n(b)t(bas)=0. Thus we may assume that we have an x€ £, @ fus
@ Fa, with S(x) € x(e), N(x)=0; so x*#=0 and g=S(x) !x* is a primitive idem-
potent. By (14) g x x= —x and since T(x)=0, (29) implies x € #Z,(g). If T(e;, g)=1
then the coefficient of e, in x# is S(x) and letting y =a;43;, y*=S(y)e; =S(x)e, and
«(e')=x(ey). If not, consider e, U; where f=1—g; e;U; € £y(g), (e, Ut =efU,#=0,
T(e,U)=T(e,U;, 1)=T(ey, f)=T(es, 1—g)=1—T(e;, g)#0. Therefore g,=
T(e,U;)~te, U is a primitive idempotent in #y(g), T(e, Uy, x)=T(e,, xU;)=T(e;, X)
=0. Now x € #,(g), T(x)=0and T(g,, x)=0imply x € (Pg,+ Pgs)* N F(g) where
g:=f—g, and we have «(g)=«(e’). This completes the proof of the lemma.
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